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Abstract. In this paper we extend the transfer operator approach to Scl- 
berg's zeta function for cofinite Fuchsian groups to the Hecke triangle groups 
Gq, q = 3,4,..., which are non-arithmetic for q 7^ 3,4,6. For this we make 
use of a Poincare map for the geodesic flow on the corresponding Hecke sur- 
faces, which has been constructed in [13], and which is closely related to the 
natural extension of the generating map for the so-called Hurwitz-Nakada con- 
tinued fractions. We also derive functional equations for the eigenfunctions of 
the transfer operator which for eigenvalues p = 1 are expected to be closely 
related to the period functions of Lewis and Zagicr for these Hecke triangle 
groups. 

1. Introduction 

This paper continues the study of the transfer operator for cofinite Fuchsian 
groups and their Selberg zeta functions in e.g. [3, 4]. By modular groups we mean 
finite index subgroups of the modular group PSL(2, Z) . For such groups the transfer 
operator approach to Selberg's zeta function [3] has led to interesting new develop- 
ments in number theory, like the theory of period functions for MaaB wave forms by 
Lewis and Zagicr [9] . One would like to extend this theory to more general Fuchsian 
groups, especially the nonarithmetic ones. One possibility to obtain such a general- 
ization is via a cohomological approach [1], which has recently been considered for 
the case G3 = PSL(2,Z) in [2]. We concentrate on the transfer operator approach 
to this circle of problems and started to work out this approach in [12, 13] for the 
Hecke triangle groups which, contrary to modular groups studied up to now, are 
mostly non-arithmetic. 



1991 Mathematics Subject Classification. Primary: 11M36, 37C30; Secondary: 37B10, 
37D35, 37D40, 37D20. 

Key words and phrases, Hecke triangle groups, Aq-continued fractions, transfer operator, 
Ruelle and Selberg zeta function. 

The second author was supported by German Research Foundation (DFG) grant Ma 633/16- 
1: Transfer operators and non-arithmetic quantum chaos. 

1 



2 



DIETER MAYER, TOBIAS MUHLENBRUCH AND FREDRIK STROMBERG 



The transfer operator was introduced by D. Ruelle [18] to (primarily) inves- 
tigate analytic properties of dynamical zeta functions. A typical example of such 
a function is the Selberg zeta function Zs{s) for the geodesic flow on a surface of 
constant negative curvature, which connects the length spectrum of this flow with 
spectral properties of the corresponding Laplacian. It is defined by 

CJO 

(1) Zsis)=l[l[[l-e-^^^'^^^(''^ 

where the outer product is taken over all prime periodic orbits 7 of period ^(7) of 
the geodesic flow on the unit tangent bundle of the surface. The period coincides 
in this case with the length of the corresponding closed geodesic. If P : S — >■ E is 
the Poincare map on a section E of the flow $t Ruelle showed that Zs{s) can be 
rewritten as 

where (^r denotes the Ruelle zeta function for the Poincare map V, dcflned as 



Ci?(s) = exp ^Zn{s)^ 



where 



xeFixV" \ k=0 / 

are the so called dynamical partition functions and r : E — > R+ is the recurrence 
time function with respect to the map V, defined through 

^r(,x)ix) e E for a; e E and $f(a-) <^ E for < i < r{x). 

In the transfer operator approach, the Selberg zeta function is expressed in terms 
of the Fredholm determinant of an operator Cg as Zs{s) = det(l — £s). From this 
relation it is clear that the zeros of ^5(5) are directly related to the values of s for 
which Cg has eigenvalue one. Furthermore, for modular groups, the corresponding 
eigenfunctions, in a certain Banach space of holomorphic functions, can be directly 
related to certain automorphic functions (cf. e.g. [4]). In this paper we work out 
the details of the transfer operator approach for the Hecke triangle groups, Gq, and 
the corresponding surfaces Mq (these will be defined more precisely in the next 
section). 

A Poincare map and cross-section for the geodesic flow on the Hecke surfaces 
was constructed in [13]. Additionally, this Poincare map was also shown to be 
closely related to the natural extension of the generating map fq : Iq Iq for a 
particular type of continued fraction expansions, denoted by Ag-continued fractions 
or A<j-CF 's for short. In this precise form and generality these were first considered 
by Nakada [14] but since they are based on the nearest A, multiple map fq they 
also generalize the nearest integer expansions considered by Hurwitz [8] and possess 
many of the same characteristics as these. Therefore we sometimes also call them 
Hurwitz-Nakada continued fractions. There is also a close relationship to the Rosen 
A-continued fractions [16, 17, 19]. For a precise description of this relationship see 
[13, Rem. 15]. 

For the modular surfaces a Poincare map was constructed through the nat- 
ural extension of the Gaufi map Tq ■ [0,1) — >■ [0,1), Tc{x) = ^ mod 1, x 7^ 0, 
which is related to the so-called simple continued fractions (cf. e.g. [10, 3, 4]). 
In contrast to this case, in the present case (i.e. for Hecke surfaces Aiq), as we 
will see, there is not a one-to-one correspondence between the periodic orbits of 
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the map fq generating the A<j-CF 's and the periodic orbits of the geodesic flow 
$(. Indeed, for every Gg, there exist two periodic points, and — r,, of fq, which 
correspond to the same periodic orbit O for the geodesic flow. For q = 3, i.e. for 
the modular group, this fact follows by the results of Hurwitz [8] , who discovered 
the existence and properties of these two periodic points. As a consequence, the 
Fredholm determinant of the Rucllc transfer operator, Cg, for the Hurwitz-Nakada 
map fq contains the contribution of the closed orbit O twice. Therefore it does not, 
by itself, correctly describe the corresponding Selberg zcta function (1) in same 
manner as in e.g. [3] for the modular groups. To correct for this overcounting we 
introduce another transfer operator, /Cs, whose Fredholm determinant exactly cor- 
responds to the contribution of the orbit O to Zs{s). The form of this operator 
can be deduced directly from the Ag-CF expansion of the point and furthermore 
its spectrum can be determined explicitly, leading to regularly spaced zeros of its 
Fredholm determinant, det(l — ICg), in the complex s-plane. In Section 6.2 we will 
use the operator ICg to show the following formula for the Selberg zcta function for 
Hecke triangle groups: 

ro^ 7 ( \ dct(l - £,) 

^'^'^ ^ det(i-x;.)- 

As in the case of the modular surfaces and the Gaufi map Tq, we will see that 
the holomorphic eigenfunctions of the transfer operator Cs fulfil certain functional 
equations with a finite number of terms. In the case g = 3 it was recently shown 
[2], that for < Re (s) < l,s 7^ ^, there is a one-to-one correspondence between 
eigenfunctions of Cs with eigenvalue 1 (satisfying certain additional conditions) 
and MaaB waveforms, i.e. square-integrablc eigenfunctions of the Laplacc-Bcltrami 
operator, on the modular surface Ai^. This relationship can be interpreted as a 
correspondence between the classical dynamics, in the guise of the geodesic flow, 
and the quantum mechanical dynamics on the surface M.3. Since the connection 
between the transfer operator and the geodesic flow is just as strong for any Hecke 
triangle group, Gq, as it is for G3 we expect similar relationships to hold in general. 
That is, for any q > 3 we expect some form of explicit correspondence between holo- 
morphic eigenfunctions oiCg with eigenvalue p{s) = 1 and automorphic functions of 
Gq. Observe that almost all Hecke triangle groups, although possessing an infinite 
number of MaaB waveforms, due to being cycloidal, are non arithmetic. Therefore 
such a correspondence would extend the transfer operator approach to the theory of 
period functions of Lewis and Zagier [9] to a whole class of non-arithmetic Fuchsian 
groups. We hope to come back to this question soon. 

An outline of the remaining part of present paper is as follows: In Section 2 
we introduce the Hecke triangle groups and recall the necessary properties of the 
Ag-continucd fractions, including the construction of a Markov partition for the 
corresponding generating map fq. In Section 3 we recall properties of the geodesic 
flow on the unit tangent bundle of the Hecke surface Aiq. We also briefly repeat 
the results from [13] concerning the construction of the corresponding Poincare 
section E and the Poincare map P : S — > S. The definitions of, and relationships 
between the Ruelle and Selberg zeta functions are also presented. The transfer 
operator Cs for the map fq is discussed in Section 4. We show that it is a nuclear 
operator when acting on a certain Banach space B of vector-valued holomorphic 
functions, determined by the Markov partitions for fq. We also show that is has 
a meromorphic extension to the entire complex s-planc. In Section 5 we define a 
symmetry operator, P : _B — > _B, commuting with the transfer operator. This allows 
us to restrict the operator Cs to the two eigenspaces B^, e = ±1 of P. Using this 
restriction, £s,e, we derive scalar functional equations fulfilled by the eigenfunctions 
with eigenvalue 1. In Section 6 we give more details about the Ruelle and Selberg 
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zeta functions. We also prove the exact relationship between the zeta functions and 
the corresponding transfer operators Cs and /Cs, arriving finally at (2) by means of 
Theorem 6.4. 



2. Background 

2.1. The Hecke triangle groups. Consider the projective special linear group 

PSL(2,M) = SL(2,R)/{±1}, 

where SL(2,R), the special linear group, consists of 2 x 2 matrices with real entries 
and determinant 1 and 1 is the 2x2 identity matrix. For notational convenience, 
elements of PSL(2,M) are usually identified with their matrix representatives in 
SL(2,IR). If M denotes the hyperbolic upper half-plane, that \aM = {z = x + iy \ 
y > 0} together with the hyperbolic arc length ds = y~^\dz\ and area measure d^ = 
y~^dxdy then PSL(2,R) can be identified with the group of orientation preserving 
isometrics of H. The action of PSL(2,]R) on H is given by Mobius transformations 

+ ^ for ;;')ePSL(2,R). 



cz + d \c 

One can easily verify that this is indeed an orientation preserving (and conformal) 
action on H, which additionally preserves the hyperbolic arc length ds as well as 
the area measure ci/x. Furthermore, it extends to an action on the boundary of H, 
dM = Pr = MU{cx)}, the projective real line. 

Of particular interest in the theory of automorphic forms are the cofinite Fuch- 
sian groups, that is discrete subgroups F of PSL(2,R), where the corresponding 
quotient orbifold F\H has finite hyperbolic area. Although, strictly speaking, these 
orbifolds are not in general surfaces according to modern terminology (they have 
marked points), we nevertheless view these as Riemann surfaces in the classical 
sense, i.e. they possess a (not necessarily everywhere smooth) Riemannian struc- 
ture. 

For an integer q > 3, the Hecke triangle group, Gq, is the cofinite Fuchsian 
group generated by 

(3) 5= ("J '^^y.z^--^ and T:=r, = (^J ^^y.z^z + X^, 
where 



A, = 2 cos i^-j e [1,2). 

The only relations in the group Gq are given by 

= {STqY 1. 

The orbifold Aiq = Gq\IHI is usually said to be a Hecke triangle surface and we 
denote by tt : EI — Aiq the natural projection map tt{z) = GqZ. For practical 
purposes. is usually identified with the standard fundamental domain of Gq 

J-q = {z em\\z\> l,|Rc(z)| < ^} 

where the sides are pairwise identified by the generators in (3). 

We say that two points x, y € H U Pk are Gq-equivalent if there exists a g G Gg 
such that X = gy. 

An element <? = [ !;) ^ PSL(2,R) is called elliptic, hyperbolic or parabolic 



depending on whether |Tr {g)\ := |a + < 2, > 2 or = 2. The same notation applies 
for the fixed points of the corresponding Mobius transformation. Note that the type 
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of fixed point is preserved under conjugation, g i->- AgA^^, by A G PSL(2,M). A 
parabolic fixed point is a degenerate fixed point, belongs to Pk, and is usually called 
a cusp. Elliptic fixed points appear in pairs, z and z with z S H. Hyperbolic fixed 
points also appear in pairs x, x* G Pr, where x* is said to be the repelling conjugate 
point of the attractive fixed point x. 

2.2. Aq-continued fractions. Consider finite or infinite sequences [ai]i with 
Ui G Z for all i. We denote a periodic subsequence within an infinite sequence by 
overlining the periodic part and a finitely often repeated pattern is denoted by a 
power, where the power " means absence of the pattern, hence 

[01,02703] = [oi, 02,03, 02,03, 02,03, . . .], 
[oi, (02,03)^,04, . . .] = [01,02,03,02,03, . . . ,02,03,04, . . .] and 

i times 02 ,03 

[oi, (02)°, 03, . . .] = [01,03, . . .]. 
Furthermore, by the negative of a sequence we mean the following: 
-[01,02, • ■ •] = [-01, -02, . . .]. 

Put 

for even q and 




for odd q. 

Next we define the set Bq of forbidden blocks as 

r{[±l]}UU::=i{[±2,±m]} forg = 3, 

I {[(±1)^+1]} U U™=i{[(±l)'*',±"^]} for even q and 
I {[(±1)'*'+']} 

I UU™=i{[(±l)''S±2,(±l)''',±m]} for odd g> 5. 



The choice of the sign is the same within each block. For example [2,3], [—2, —3] G B 
and [2, -3] ^ K for g = 3. 

We call a sequence [01,02,03,...] q-regular if [ofe, Ofe+i, . . . , o;] ^ Bq for all 
I < k < I and dual q-regular if [o;, o/_i, . . . , Ofc] ^ Bq for all 1 < fc < L Denote by 
A'q^ and Aq'^'^^ the set of infinite (/-regular and dual (/-regular sequences (oi)^^^, 
respectively. 

A nearest Xq-multiple continued fraction^ or A^-CF, is a formal expansion 

-1 



(4) [oo; 01,02, 03, ...]:= oqA, H 

aiXq + 



with Oi G Z \ {0}, i > 1 and oq G Z. 

A Ag-CF [oq; oi, 02, 03, . . .] is said to converge if cither [oq; oi, 02, 03, . . . , o;] 
has finite length or lim/_^oo[oo; oi, 02, 03, . . . , o;] exists in R. The notations for 
sequences, as introduced above, are also used for Ag-CF's. 

We say that a A^-CF is regular or dual regular, depending on whether the 
sequence [01,02,03,...] is (/-regular or dual g-regular. Regular and dual regular 
Aq-CF 's are denoted by |ao; oi, . . .] and |oo; oi, . . .]*, respectively. 

It follows from [13, Lemmas 16 and 34] that regular and dual regular Xq- 
CF 's converge. Moreover, it is known [13] that x has a regular expansion x = 

|0; oi, 02, . . .] with leading oq = if and only \i x G Iq := — ^ 
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Convergent Aq-CF 's can be rewritten in terms of the generators of the Hecke 
triangle group Gq : if the expansion (4) is finite it can be written as follows 

[oo; ai,a2, 03, ... , a/] = aoXq H 

"1-^9 ^ — ^ , 

^ a2A„H 



rpaQ ^'j^^i ^'j^^^ ST^'^ ST'^^ 

since ^_)^~^^ = ST'^x. For infinite convergent Ag-CF 's the expansion has to be 
interpreted as 

[ao;ai,a2,a3,...] = lim [hq; ai, 02, 03, . . . , a/] 

= lim ST"! ST"^ ST"^ • • • ST"' 

Z— )-oo 

„ 2^ao g^^i ST"^ ST"^ • • • 
An immediate consequence of this is [12. Lemma 2.2.2]: 
Lemma 2.1. For a finite regular Xq-CF one finds that 

|ao;ai,...,a„,l'''l = |ao; ai, . . . , a„ - 1, (-1)'''] 
for q = 2hq + 2 and that 

lao; . . . , a„, 2, l'^"] = |ao; ■ • ■ , a„ - 1, (-1)''% -2, 
for q = 2hq + 3. 

2.3. Special values and their expansions. The following results are well- 

has the regular A^- 



known (see e.g. [13] and [12, §2.3]). The point x = has the regular A^-CF 



[0; (±1)"'] for even q, 

^' 2 y0;(±l)^,±2,(±l)''''l foroddg. 

Define 

(6) Rq := rq + \q with 



)|0;l^-i,2] for even q, 

10; 3] forg = 3, 

|0;l'''J,2,l''5-i,2] for odd (7 > 5, 

whose expansion hence is periodic with period Kq, where 

_ \ hq ^ for even g 

'~ |2/iq + l = g-2 for odd g. 

The regular and dual regular Ag-CF of the point x ~ Rq has the form 



|1; 1^9-1, 21 for even q, 

Rq={ |1;31 for 9 = 3, 



|l;l''s2,l'''j-i,2] for odd g> 5, 



(-l)''',-2,(-l)N-i]* for even g, 

-2,^* for 9 = 3, 

(-!)''■', -2, {-l)f'^,-2, (-l)''<j-il* forodd(7>5. 



Moreover, 

(9) Rq = 1 and — Rq = S Rq for even q, 

(10) i?2 + (2 - Xq)Rq = 1 and - Rq = (TqS')'''^^ i?, for odd g. 
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and Rq satisfies tlie inequality 



-^<Rq<l. 

Remark 1. Since Rq = TqVq it follows from (9) and (10) that on the one hand 
—rq = AqTq for some Aq € G^, but on the other hand it is clear from (7) that rq 
and —Tq have different regular A^-CF expansions. 

2.4. A lexicographic order. Let a;,y G Ir^ := [—Rq,Rq\ have the regular 
Ag-CF's X = |ao; ai, . . .] and y = |6o; 6i, . . .]. Denote by l{x) and l{y) the number 
of entries (possibly infinite) in the above A^-CF's. We introduce a lexicographic 
for Ag-CF's as follows: If = 6j 

define 



order for Ag-CF's as follows: If = hi for all < i < n and l{x), l{y) > n, we 



X <y 



ao < ho 



if n = 0, 



a„ < hn 

bn<0 

a„ > 



a„ > > bn if n > 0, both ^(a;), l{y) > ?i + 1 and a„5„ < 0, 



if 71 > 0, both l{x), l{y) >n+ \ and a„6„ > 0, 
if n > and l{^x) ~ n , 
if n > and l{y) — n. 



We also write x ^ y for x ^ y or x ~ y. 

This is indeed an order on regular A^-CF's, since [13, Lemmas 22 and 23] imply: 

Lemma 2.2. Let x and y have regular Xq-CF's. Then x < y <=^ x < y. 

2.5. The generating interval maps fq and /*. The nearest Xq-multiple 
map is defined as 



(•)^:K^Z; 
where [-J is the floor function 

lx\ ^ I 

We also need the map (•)* given by 

(•);:K^Z; x^{x)l 
For the intervals 



the interval maps fq - j^q 



(11) 
and 

(12) 



X ^ Wq ■ = 



n < X < n + 1 
n < X < n + I 



X 

aT 



if a: > 0, 
if a; < 0. 



1 - 



if a; > 0, 
if a; < 0. 



and /fi 




— [-Rq,Rq] 



j;(v) = 







lu^ are then defined as follows: 

if X e lq\{0}, 
if a; = 



if 2/ = 0. 



These maps generate the regular and dual regular Ag-CF's in the following sense: 

For given x,y gM. the entries ai and hi, i G Z>o, in their A^-CF are determined 
by the algorithms: 
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(0) flo = (a;)^ and xi := x - aoXq G Iq, 



Q 

(i) a, = and Xj+i := - a^Ag = /^(xj) G , i = 2,3, . . . , 

(★) the algorithm terminates if x^+i = 0, 

and 

(0) bo = (x)* and yi y - &oAq G 1^,,, 

(1) h = (^)* and y2 := ^ - &iA, = G 7,^,, 

(★) the algorithm terminates if jji+i = 0. 

In [12. Lemmas 17 and 33] it is shown that these two algorithms lead to the regular 
and dual regular A<j-CF's 

X = |ao;ai,a2, . . .] and y = |&o; &2, • • -F, 

respectively. 

2.6. Markov partitions and transition matrices for fq. It is known that 
the maps fq and /* both possess the Markov property (of. e.g. [12]). This means 
that there exist partitions of the intervals Iq and Ir^ with the property that the 
set of boundary points is preserved by the map fq and f*, respectively. Partitions 
with this property are called Markov partitions and we will now demonstrate how 
to construct these explicitly in this case (see also [12, §3.3]). 

Let 0{x) denote the orbit of x under the map fq, i.e. 

0{x) = {f^{xy, 71 = 0,1,2,...}. 

We are interested in the orbits of the endpoints of Iq . Because of symmetry it 
is enough to consider the orbit of — This orbit is finite; indeed if #{5*} denotes 
the cardinality of the set 5* and Hq is given by (8) then 

#{0 (^-^^}=Kq + l. 

We denote the elements of O (^—-j-^ by 



for q = 2hq + 2 and by 



02,-/^(^-^) =[0;l'''-',2,l''i, \<i<hq, and 



= jq - y — ^ y = |[u, 1 - J, u ^ I :i = — - — 
for q = 2hq + 3. Then the 4>i's can be ordered as follows (cf. [13]) 

Z Aq 

Define next :~ -~<f>i, < * < i^q- The intervals 

(13) $, := [0,_i,(/i,;] and := 0_(i_i)] , 1 < i < 
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define a Markov partition of the interval Iq for the map fq. This means especially 
that 



(14) 



U <Pi=Iq and $° n $° = for i ^ j e A, 



holds. Here = {±1, • ■ • , and 5'° denotes the interior of the set S. 

As in [12] we introduce next a finer partition which is compatible with the 
intervals of monotonicity for fg . 

In the case q = 3 where A3 = 1 define for m = 2, 3, 4, . . . the intervals J™ as 



(15) 



J2 



1 2 

2'"5 



and J„ 



2m -1 2m + 1 



m ~ 3,4, 



and set J_m ^Jm for m ~ 2,3,4,.... This partition of I3, which we denote 
by Aiifa), is Markov. The maps /ajj^ arc monotone with fslj^ix) ~ — m 
and locally invcrtible with (/3|j„)~Hy) = ^^T^ V ^ h{Jm), m = 2,3,.... 
For g > 4 consider the intervals J„i, m — 1,2,..., with 



(16) 



Jl = 

Jm 



A, 



2 

2"'^3\ 
2 



and 



TO = 2,3,.. 



(2TO-l)Aq (2to+1)A5 

and set J_m := —Jm for m £ N. The intervals Jm are intervals of monotonicity 
for /q, i.e the restriction : x 1— >■ — ^ — toA(j is monotonically increasing. Since 

some points in O ^^^^ do not fall onto a boundary point of any of the intervals 
Jrrn the partition given by these intervals has to be refined to become Markov. 
For even q define the intervals J±i. as 

(17) J±i^ := J±i n$±,, l<i<K.q, 

and therefore J±i; $±i for 1 < z < Kg — 1. In this way one arrives at the partition 
M.{fq), defined as 

y u y j„„ , 

which is clearly again Markov. 

Consider next the case of odd q > 5. Here one has (j>±i £ J±i for 1 < i < Kq — 2 
and </>±(Kg-i) G J±2- Hence define the intervals 

J±ii ■= J±i ^ 1 < * < — 1 and therefore J±i. = ^±i, I < i < Kq — 2, 



J±2 



J±2 n $±.„ i 



1, Kq. 



Then it is easy to see that the partition Ai{fq) defined by 



^9 = U U ^^1= ^ U -^^2. u y J,, 



e=± \ 1=1 



is a Markov partition. 

A useful tool for understanding the dynamics of the map fq is the transition 
matrix A = (A,;.,V- , where Fq is given by A4{fq): 



F„ 



{ill, . . . , ±1^,-1, ±2, ±3, . . .} for even q, 

{±2, ±3,...} forg = 3, 

{ill, . . . , ±l«,-i, ±2«,_i, ±2«,, ±3, . . .} for odd g > 5. 
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Each entry A^j-, i, j e Fq is given by 




if J° n /,(J°) = 0, 

1 ifj;c/,(j°). 



As we will see in Chapter 4. the transition matrix is a crucial ingredient in our 
formula for the transfer operator. The entries of the transition matrix are easy to 
obtain by keeping track of where the end points of the intervals J,; are mapped to 
by fq and since A^^^ = for all i,j G Fq, it is enough to consider the rows 

corresponding to "positive" indices. A description of which entries of A that are 
non-zero is given in the ensuing lemma (cf. also [12]). 

Lemma 2.3. For q = 3 one finds that A2 j = 1 iff j = —m for some m > 2 whereas 
Aij ~ 1 for i > 3 and all j (z Fq. 

For q — 2hq + 2 and Kq = hq one finds that Ai,j- = 1 iff j — < I < 

Kq — 1). Furthermore Ai^ — I iff j = m > 2, whereas Ai^ j = 1 for all 
"negative" indices j in Fq. Finally, Aij = 1 for all i > 2 and all j Cz Fq. 

For q = 2hq + 3 > 5 and Kq = 2hq + 1 one finds that Aij, ^ j- = 1 iff j ~ ^21+1 
(1 < I < hq — I). Next, Ai2,^^_j J- ^ I iff either j ~ or j ~ — m for some m > 3. 
Furthermore Ai^,,^ = 1 iffj l2;+i (I < I < hq~2) and = 1 iffj = l2h, 

or 2„_j. We also have Ai^^^^^j = 1 for all "negative" indices j in Fq. Next one finds 
that A2^^_i,j = 1 iffj = li and A2^^ ,j = 1 for all j € Fq,j ^ li. Finally, Aij ~ 1 
for i > 3 and all j £ Fq. 

Consider the local inverse : Jn — > M of the map fq, defined on an interval 
of monotonicity J„ given by (15) and (16) for q ~ 3 and <? > 3, respectively. This 
map can be expressed as 



Its properties are given in the following lemma. 

Lemma 2.4. The function t9„ has the following properties: 

(1) it extends to a holomorphic function on C \ {~nXq}, 

(2) it is strictly increasing on ( Ag,Aq) and 

(3) if either < n < m or n < m < or m < < n then t?„(a;) < 'dmix) for 
all X G (— Aq, Xq). 

Proof. The first property is straightforward and since "^nix) = {nXq + x)~^ 
the derivative restricted to (— Ag, Ag) is positive. Hence i?„ is strictly increasing 
on this interval. 

To show the last property, consider the three cases separately and use that 
— Ag < X < Ag to conclude that: 



(19) 





1 



1 



nAg + X 



mXq + X 





-1 



-1 



nAg + X 



mXq + X 




and 




-1 



-1 



mAg + X 



nXq + X 




□ 
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3. The geodesic flow on Hecke surfaces 

3.1. The unit tangent bundle. The unit tangent bundle of H, which we 
denote by UT(]HI), can be identified with H x §^ where §^ is the unit circle. A 
geodesic 7 on HI is either a half-circle based on R or a line parallel to the imaginary 
axis. Let $4 : UT(IHI) — >■ UT(]HI) be the geodesic flow along the oriented geodesic 
7 and denote by (pt the projection of $t onto H. The pair of base points of 7 are 
then denoted by 7± € Pr where lini(^±oo 0t = 7±- An oriented geodesic 7 on H is 
usually identified with the pair consisting of its base points (7_,7+). 

We often identify the unit tangent bundle oi Mq, UT(A^q), with Fq x Let 
tt\ : UT(H) \JT{Mq) be the extension of the projection map tt to UT(Il). Then 
the geodesic flow $t on UT(H) projects to the geodesic flow tt* o $j on UT(A^g). 
For simplicity we denote this by the same symbol, $4. The geodesic 7* = tt^ is 
a closed geodesic on A^g if and only if 7+ and 7_ are the two fixed points of a 
hyperbolic element in Gq. 

3.2. A Poincare map for the geodesic flow and its associated RueUe 
zeta function. In [13] a Poincare section S and a Poincare map : S — )• E 
for the geodesic flow on the Hecke surfaces were constructed. To achieve this, the 
authors used properties of Ag-CF expansions to construct a map P : S — >• E on 
a certain subset E C dTq x The induced map P : E — )■ E on the projection 
E := 7rJ'(E) C \JT{Aiq) was then shown to define a Poincare map for the geodesic 
fiow. 

To be more precise, let 7 be a geodesic corresponding to an element z e E such 
that its base points 7± G M have the regular and dual regular A^-CF expansions 

7_ = Iao;(±l)''"\afc,afe+i,...] and 7+ = |0; fei, 62, ■ • ■]*• 

Then V{z) corresponds to the geodesic 57 with base points (g g "/^). Here 
g G Gq is determined by the property that the base points of the geodesic 177 have 
the regular and dual regular expansions 

9 1- ^ lak; ak+i . . .] and 37+ = |0; (±1)''~\ ao, 61, 62, . . .f 

corresponding to a fc— fold shift of the bi-infinite sequence 

. . . , 62, foi . ao, (±1)''"\ afc, afc+i, . . . , 

obtained by adjoining the dual regular and regular sequence corresponding to j+ 
and 7_, respectively. It is possible to choose the sequence 61, 62, . . . such that the 
resulting bi-infinite sequence is regular^ i.e. that it does not contain any forbidden 
blocks, not even across the "zero marker" , .. One can verify that the natural 
extension of the map fq is conjugated to the shift map on the space of regular bi- 
infinite sequences (cf. e.g. [13, Lemma 54] or [12]). Indeed, if 7^ then 7_ ^ Iq 
but Sj-= —jZ^ & Iq and 

(20) 5o/^'^o^7_ =57_. 

Our main interest lies in periodic orbits of the geodesic flow, that is, the flow along 
closed geodesies on Mq. Since is a Poincare map, its periodic orbits correspond 
precisely to the periodic orbits of the geodesic flow. From (20) we see that there is a 
correspondence between the respective periodic orbits of the maps V and fq. This 
correspondence is one-to-one and when projected to the surface, i.e. considering 
V instead of V, it is bijective except for the periodic orbits under fq of the two 
points ±rg, which correspond to the same periodic orbit of V (cf. Remark 1). The 
periodic orbits of fq are determined by the points in Iq with periodic regular Xq- 
CF expansions. Explicitly, the base points of the closed geodesic 7, corresponding 
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to the point x = |0; ai, . . . , a„] are given by 

7- = |ai;a2,...,a„,ail and 7+ = |0; a„, . . . , ail*. 

Using (20) we conclude that a periodic orbit O* of V can not have larger period 
than the corresponding periodic orbit of /g, its period is in fact smaller if the Ag-CF 
expansion of a point in the periodic orbit of fq contains a 1 or —1. 

A ■prime (or primitive) periodic orbit of the geodesic flow corresponds to a 
closed geodesic traversed once. The analogous notion applies to closed geodesies, 
periodic orbits of V and periodic orbits (and points) of fq. In particular, x £ Iq is 
a prime periodic point of the map fq with period n if /™(a;) ^ x for all < m < n 
and fq{x) — X. Consider now a prime periodic orbit 7* — (7-, 7+) of the geodesic 
flow, determined by the prime periodic point x* = S^- = |0; ai, . . . , a„] e Iq of 
the map fq. If the geodesic flow is appropriately normalized, the period ^(7*) of 7* 
is given by the length of the geodesic 7, which in turn is given by 

i(7*) = 21nA 

where A is the larger one among the two real positive eigenvalues of the hyperbolic 
element g* = ST^^ST"^ ■ ■ ■ ST"-" € Gq, whose attracting fixed point is x* € Iq. It 
is easy to verify that f^ is in this case given precisely by g* and a straightforward 
calculation shows that 



(21) ;(7*) = In 



/=0 



-1 



^r{f!^ix*)), 



l=Q 



where r{x) ~ ln/^(x) and we used that fq{x) = ^ is positive and greater than one 
for X in Iq \ {0}. Since 'P^{z*) = z* for some k < n and z* S S corresponding to 
X* , the period ^(7*) can also be written as 



k-l 



(22) ^(7*)=EK^'(^")) 

where r{z*) := r{x*). Observe here that r is not precisely the recurrence time 
function for the Poincarc map V (cf. [13, Prop. 84]). However, when adding all 
pieces, the differences cancel and we nevertheless obtain the correct length. To 
simplify the notation for later, if the periodic orbit O of fq and O of correspond 
to the closed geodesic 7* we set ro = r^ = ^(7*). We remark here that ^(7*) as 
given by (21) or (22) neither depends on the choice of x* G O in the first case nor 
oi z* Cz O in the second. The Ruelle zeta function, Ca, for the map fq is given by 



Cii(s) = exp 




with 



n-l 



(23) Z„(s)= J2 exp -,s^ln/;(/,^(z)) . 

a: 6 Fix V k=0 / 

It is well-known that for Re (s) large enough the above sums converge. Hence Cr{s) 
represents a holomorphic function in a half-plane of the form Re (s) > a for some 
CT > 0. A prime periodic orbit 

0^{x,fq{x),...,f--^x)) 

of period n clearly contributes to all partition functions Zin{s) with I G N. Hence, 
if Zo{s) = Tl'iLi 7exp(— s^ro) denotes the contribution of O to the Ruelle zeta 
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function, one can use the Taylor expansion for ln(l — x) to see that 

Therefore, summing over the set of all prime periodic orbits of fq, leads to the 
well-known formula [18] 



o 

Consider now the Ruelle zeta function for the map T' : S — > S. We know 
that the prime periodic orbits of this map and those of the map fq are in a one- 
to-one correspondence. Furthermore, since = tq, all factors corresponding to 
the respective prime periodic orbits are equal. We conclude that the Ruelle zeta 
function for V is identical to that for fq. 

In [13] it was shown that there is a one-to-one correspondence between the 
prime periodic orbits of the map V and the prime periodic orbits of the geo- 
desic flow on UT(A^g), except for the two orbits 0± determined by the endpoints 
(5 (±rg), =Frg). These two orbits coincide under the projection tt* : UT(IH[) — > 
UT(A^g). However, the contributions of both of these two orbits are contained in 
the Ruelle zeta function C/j. The period of C+, the orbit of the point Vq under the 
map fq is equal to Kg given by (8). Define therefore partition functions Zn^{s), 
71 g N as follows: 



(s) = for all n with Kg \ n, 



Then 



Z^+{s) = Kq exp (^^sl In {f^^")' (r,)) , n = Kql, I 



1,2,.. 




exp -> -e— =1 



Hence the Ruelle zeta function Cr{^) ^'^^ ^^'^ Poincarc map : S S of the 
geodesic flow $t : 'UT{Mq) \JT{Mq) has the form 

cs(^)= n (i-e— )-\ 

3.3. The Selberg zeta function. The Selberg zeta function, Zs{s), for the 
Hecke triangle group Gq is defined as 



oo 

Zs{^) = I[ n (l - e-^^+'^W-*)) 



k—0 7* prime 

where the inner product is taken over all prime periodic orbits 7* of the geodesic 
flow on UT(A^q). It is now clear that we can write Zs{s) as 



00 



k=0 



where the inner product is over all prime periodic orbits O of P, except for 0+. 
For Re (s) > 1 it can also be written in the form 
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where the prodiiet J^^^ is over ah prime periodic orbits O of the map fq. If the 
period of O is equal to I then ro = ln(/^)'(x) for any x e C In particular, 

ra^ ~ In (fq'')' {i'q). Note that the zeros of the denominator of (24) all lie in the 
left half s-plane. We will show next how Zs{s) can be expressed in terms of the 
Fredholm determinant of the transfer operator for the map fq : Iq Iq. 

4. Ruelle's transfer operator for the map fq 

If (7 : — > C is a function on the interval Iq then Ruelle's transfer operator for 
the map /g, C^, acts on g as follows: 

(25) Csg{x)^ e-^'^(^)ff(y) 

where r{y) ~ ln/^(?/) and Re (s) > 1 to ensure convergence of the series. To get a 
more explicit form for Cs one has to determine the set of preimages f~^{x) of an 
arbitrary point x € Iq. For this purpose recall the Markov partition Iq = IJjgyi $i 
from (14) as well as the local inverses of fq, dn from (19). Using the Markov 
property of the map /g, the preimages of points in $° can be characterized by the 
following lemma: 

Lemma 4.1. For .t G $° C Iq and i G the preimage f^^{x) is given by 

the set fq^{x) = {y e Iq : y ^ i^nix), n e M} with Ni = U^eA, "-'"'^^ 
M,j={neZ:79„($°)c$°} 

Proof. The preimages of a point x in the open interval $° can be determined 
from its Aq-CF expansion x ~ |0; ai, 02, . . .]. The boundary points of the interval 

$i belong to the orbit C (-^) ■ To be precise, = [p; I'^'+^-^I, p; l'''"*]], 1 < 

i<hqfoT 2hq + 2 and $2,+i = [[0; l'''-%2, 1^], |0; I'^'-'J], 1 < i < hq, and 
= [p; l'''+i~i, |0; 1'''^% 2, l''-']], 1 < i < ft., for g = 2hq + 3. For the intervals 
^-i one gets analogous expressions with negative entries in the A^-CF expansions. 
Using the lexicographic order one concludes that the Aq-CF expansion of a point 
x e <I>° for (7 = 2hq + 2 must be either of the form x = |0; —m, . . .] with 

TO > 1 or of the form x = |0; \^i~^,m, . . .] with m > 2. It is easy to see that 
the set of n € Z such that i?„(a;) = |0;n,x| G Iq only depends on the interval 
$i with X G ^i. Here |0;n,x| denotes the concatenation of the corresponding 
sequences. Furthermore, if i?„(a;) € $° for some a; € $° then i?„($°) C $° and 
hence Ni = UieA -^ j - The same reasoning applies to the case q = 2hq + 3. □ 

Remark 2. We will define the operator Cg on a space of piecewise continuous 
functions, hence it is enough to determine the preimages of points in the interior 
<I>° of the intervals $i. In general, points on the boundary of an interval can 
have more preimages than points in the interior. 

Forn = 1, 2, . . . define Z>„ := {I e N : I > n} and Z<_„ := {I e Z : I < -n}. 
We are now able to determine the sets A/i j explicitly. 

Lemma 4.2. The sets ~ {n Cz Z : i?,i($i) C ^j} are given by the following 
expressions. For q ~ 2hq + 2 we have 

J^l.h, = 2^>2, A/i,-/ig = Z<_i, 

= {1}, N.,.h, = Z>2, = Z<_1, 2<i<hq. 

For q = S we have: 

Ni,i = Z>3, Ni,-i = Z<^2. 
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For q = 2hq + 3 > 5 we have: 

AAi,2h, = {2}, JVu-2h, = {-1}, J^1.2h, + 1 = Z>3, ^fl,-i■2h, + l) = Z<-2, 
^2-2h, = A/'2,2/i, + l = 2^>2, J^2,-(2h, + l) = 2<-2, 

M,.-2 = {1}, 3 < i < Kg, M,_2/i, = {-1}, 1 < « < K„ 
J^i,2h, + 1 = Z>2, A/'i,_(2h,+l) = Z<_2, 1 < « < Kq. 

Furthermore, M-ij — —Mi^-j for i,j £ A^^^ and for all pairs of indices not listed 
above, the set Mi.j is empty. 

Proof. Wc will give a proof for the case q = 2hq + 2. The proof for the 
case of odd q is similar. If a; e ^'j' then either x = |0; l'*' , — m, . . .] for some 
m > 1 or a; = |0; l'*'^^, m, . . .] for some to > 2. In both cases |0;l,x] ^ Iq 
whereas |0;-l,a::] G <i>_/i^ and |0;±n, x] € '^±hg for n > 2. For x G one 
has X — |0;1,— TO, ...] for some m > 1 or a; |0; m, . . .] for some to > 2. In 
this case |0;l,a;] G [0;±n,a;] G $±/i, and |0;-l,a:] G Finally, for 

X G 2<i<hq — l~Kq~l one has either x ~ |0; i'*<!+i~*^ — 77^^ . . .J for some 
TO > 1 or a; = |0; l'*'^', to, . . .] for some to > 2. In both cases |0;l,a;] G 
|0;±n, a;] G ^±h, for all n > 2 and |0;-l,x] G ^h,- It is clear that the set 
Afij is empty for all combinations of indices which are not listed above. That 
N-i.j = —Ni.-j for all i,j G follows immediately from the fact that (f>_i = — (f>i 
in combination with the explicit form of the map t?„. □ 



The previous lemma allows us to derive explicit expressions for the transfer 
operator. Using the index sets Ni = V]jcA -^iJ '^^^ rewrite Cs in (25) as 

where x$. is the characteristic function of the set $i. If wc now introduce vector 
valued functions g = {gi)i^A^^ with gi :— g\^-, then the operator Cg can also be 
written as follows 

iCs9Ux)= Yl E K{x)yg,{M^)) 

-EE (tt^) -"^(tt^)' 

If gi is continuous on $i for all i G A^,^ then [Csg)i is also continuous on $i since 
i?„($.°) C $° for n G This implies that £s is well defined on the Banach 

space, B = ©igA^ C!{^i): of piecewise continuous functions on the intervals To 
be able to give explicit expressions for Cs on the space B we need two auxiliary 
operators C^^^ , and C±n.s- For n G N these arc defined by 

1 / -1 

(x± 

l—n 

and by 

-1 



^-..(x) = E(;^^73g^4;5:^ 



(27) C±n,sg{x) 



(x±n\q)'^^ \X±nXq 



Then we have 
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and 



For q 



2hq + 3 one has 



{Cs9)2 



l^2,s 92h, + 92hg + l + ^'^2,s 9-{2hg + l) + -^-1,8 9-2h. 



^2^s 92hg + l + ^°^2,s 5-(2/i, + l) + -C-l^s 9-2h^ 



{Csgjt = Ci^s9i-2 + CT,s92h, + l + C°^2,s9-(2h^ + l) + C-l,s9-2h,, 1 < i < 2/lg + 1, 



{Csg)-t = Ci,s 92h, + C^^s 52h,+i + C^2,s 9-(2h,+i) + C-i.s 92-1, 1 < i <2hq + l. 

Unfortunately the operator is not of trace class on the space of piecewise 
continuous functions. In fact, it is even not compact on this space. 

Much better spectral properties however can be achieved by defining Cg on 
the Banach space B = @i£A^^B{Di) with B{Di) the Banach space of holomorphic 
functions on a certain open disc Di C C with $i C Di, for all i G ^k,, and 
continuous on the closed disc Di, together with the sup norm. This is possible 
since all the maps 'd±m, m > 1 have holomorphic extensions to the disks, whose 
existence is given by the following lemma. 

Lemma 4.4. There exist open discs Di C C, i £ ; with $i C Di and i9„(£',;) C 
Dj for all n G A/i j . 

For the proof of the Lemma it suffices to show the existence of open intervals 
It cM, i e with 

• ^i C li and 

• 'dn{Ii) C Ij for all n £ N'ij- 

Since the maps arc conformal it is clear that the discs Di with center on the 
real axis and intersection equal to the open intervals then satisfy Lemma 4.4. 
Using (19) the two conditions 011 li can also be written as 

(28) C I, and ST"7^ clj for all n e Mj and alH, j € . 

In the cases q = 3 and g = 4 we give explicit intervals fulfilling conditions (28). 
For the case g > 5 we first show the existence of intervals li satisfying (28) with 
the second condition replaced by the (slightly) weaker 



The existence of intervals li satisfying (28) then follows by a simple perturbation 
argument. 



and 



{^s9)~i 

{Cs9)-2 



^l,s 92hg + 92hg + l + ^%.s 9-(2hg + l) + _ 2 , s 5 - 2 /i , 



^l,s92hg +^2!s92hg + l + 'C!°2,s .9-(2h, + l), 



ST"/, C/j forallneMj- 
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Lemma 4.5. The intervals 



h ■■= -1, 



and 



^d /_i := — /i for (7 = 3, 



and I-i := — /i for q 



satisfy the conditions (28) and hence Lemma 4-4 holds for q = 3 and 4. 

Proof. Since A3 = 1 and A4 = \/2, the above intervals Ii,i — ±1 obviously 
satisfy 



$1 



,0 



C/i 



and 



$-1 



C/-1. 



For (7 = 3 one has A/1,1 = ^>3, J^i.-i = Z<-2, A/'-i,-i = — Z>3 and A/'-i,i = 
— Z<_2. Hence we have to show that 6'„(/i) C /i for all n > 3 and On{Ii) C /-i 
for all n < —2. Since all maps involved are strictly increasing, it is enough to show 
that 9n{—l) > —1 and 6'„(i) < ^ for all n > 3, as well as that 0„(— 1) > — ^ and 
0„(i) < 1 for all n < -2. But this is not hard to show: 6'„(-l) = > ^ > -1 

and 6'_„(i) = = ^ < | < 1 for all n > 2. Furthermore, 0„(-l) > if 

n < and 9n{^ < if n > 0. Since N-ij = —Ni-j and /_i = — /i the result for 
the interval /_i follows directly. 

Consider now the case q = A. Then one has Ni 1 = Z>2, Ni -1 = Z<_i, 

^ > > 

— j.-rn.^\4 — — I + 2A4 

-1 since 2A4 = 2^/2 > 2 and 0„(^) - 



A/'-i,-i = — Z>2 andA/'-i,i = — Z<_i. One sees that 0„(—l) — ^i+n\ — -1-1-2A 

. , — < < 4*- for aU n > 2. Furthermore 

-n(-l) = > > and 0_„(^) = < 1 



= 317 < 1 for 



-nA4 A4 

all n > 1 since 3-\/2 > 4. Since JV^ij = and /; = — the lemma is 

proved. □ 



To prove Lemma 4.4 for g > 5 we will need the next four lemmas. 
Lemma 4.6. For q = 2hq + 2, kg > 2 and < i < kg 

A„ 



(ST)"' 



and 

(29) 



= [-l;(-l)l, z = 0, 



-1)1 < 



<I-l;(-l)'''-i]<I-l;(-l)'^i = -: 



Proof. Using the Ag-CF of Xg in (5) we have 

{ST)''-'-' ^-^^ = (ST)''"-' {STp = {ST)-'-^0 

= {T-\SY T-^ ST-\S = T-^ (ST-^yo 

= 1-1; (-1)1- 

This shows the first part of Lemma 4.6. By definition it is clear that — A^ = 
|— 1;] and then inequalities (29) follow immediately from the lexicographic order 
in Section 2.4. □ 
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Lemma 4.7. For q = 2hq + 2,/ig > 2 define the intervals h := (^|— 1; (—1)'], -j-j 
for 1 < i < hq and let I^i := — /j. Then 

i3±n(l±i) C I±hq for alln>2,i = l,...,hg, 
t^±ri(?T') ^ I±hq for all n > 1, i = 1, . . . , hq, 
i^±i{I±i) C I±i-i for alii = 2,..., hq. 

Hence "dnih) C Ij for all n G Mij. 

Proof. Since Mi.h = Z>2 for all 1 < i < /ig wc have to show that 'dn{Ii) C Ih 
for sl\l < i < hq and all n > 2. On the one hand, by Section 2.4 we see immediately 
that dni\-l; (-l)i) = [0;n - 1, (-1)'] > and on the other hand, i?„(^) = 
— < < Hence i?„(/i) C /ft . Consider next the case M -/i = Z<_i 

for 1 < t < hq. There one has 7?_„(|-1; (-l)i) = |0: -n - 1, (-1)'] > > 
Furthermore, for n > 1, one finds that = > < ^jt- < ^ since 

\q > \/3 for g > 6. Hence i?_„(/i) C /-^^ for all n > 1. Consider finally the case 
^f^.i-l = {1} for 2 < i < hq. In this case t?i(|-l; (-l)i) = [-1; and since 

•dii^) = < < ^ it follows that C for all 2 < i < hq. The 

intervals I-i again have analogous properties. □ 
Lemma 4.8. For q = 2hq + 3, hq > 1 one has 

^3Q^ iSTf'-' (^-^) = [-1; (-1)', -2, (-1)"'] V 0<t< hq, 

(^y)^,+i-.(|0;l"i) = l-l;(-l)l /or 1 < * < /i, 

and 
(31) 

-A, = < [-l;-2,(-l)'^i < < (-1)^, -2, (-l)'^i 

< hi; (-1)^1 < [-1; (-1)2, -2, (-1)"-! < hi; {-if] <... 

< [-1; (-l)"'-\ -2, (-l)'^i < 1-1; (-l)''i < I-l; (-1)'^', -2, (-1)''^ 

2 ' 

Proof. Using the Ag-CF in (5) it is easy to see that 

(ST)''"-' (^-^^ = [STf"-' {STf" ST^ (ST)''" 

= T-^ {ST-^y ST-^ ST-\SST^ {STf" 

= T-^ {ST-^y ST-^ {STf-'+^ 

= T-^ {ST-^y ST-^ (ST)-''"-^ 

= T-^ {ST-^y ST-'^ [ST-^f" ST-^SO 

= T-^ {ST-^y ST-^ {ST-^f" 

= I-l;(-l)\-2,(-l)''i. 
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Similarly, we have 

I^SXyi.+i-^ (|0; I'^'l) = {ST)''-+^-' {STf" 

which proves the equations (30). The lexicographic order in Section 2.4 implies 
that 

[-1; ] < hi; -2, i^lfq < 1-1; -1] < |-1; -1, -2, (-l)'^i < . . . 

. . . < [-1; (-l)"i < I-l; (-1)''', 2, = 
Using the identities (30) one can then easily deduce the ordering in (31). □ 
Lemma 4.9. For q = 2hq + 3, hq > 1, define the intervals 

/2.+i = ([-l;(-l)\-2,(-l)''i,^) for 0<l<hq, 
= ([-1;(-1)1,^) for l<i<hq and set 

= -/( for I <i < Kq. 

Then C li for all 1 < i < Hq and i?„(/i) C for all n € Afij unless = 
(±fc,±(fc — 2)) with 3 < fc < Kq. In the remaining cases we have that if 3 < k < Kq 
and n e Af±k.±{k~2) then t9„(/±fe) C I±{k~2) but i?„(/±fe) (;t I±(k~2)- 

Proof. Since the proof of this lemma for the non-exceptional cases proceeds 
along the same lines as the proof of Lemma 4.7 (for even q), we only consider the case 
where '!?„(/i) ^ Ij for n S A/ij. This happens only for (i, j) = (±fc,±(fc — 2)), where 
M.J {±1} In aU these cases one finds indeed that i9i(i[-l; (-1)', -2, (-l)'""!) = 
hl;(-l)'-S-2,(-l)''^l and z?i(I-l;(-l)i) = hl;(-l)-il. Hence the left 
boundary point of these intervals is mapped onto the left boundary point of the 
image intervals. The case of negative indices (i,j) follows once more from the 
symmetry of the intervals and the sets Ni,j. □ 

To finally prove Lemma 4.4 one has to enlarge the intervals li slightly in order 
that i?„(/i) C Ij for all n E Afij. In the case q = 2hq + 2 and hq > 2 one can take 
the intervals 

h = -I-. = {l-l;i-l)\n4,^) 

with Hi > 7i,;_i for 2 < i < hq and ni large enough. In the case q = 2hq + 3 and 
hq > 1 one can choose the intervals 

/2,+i = -/-2.-1 = ([-l;(-l)',-2,(-l)''',n2.+il,^) for 0<i<hq, 

I2^=-I-2^= {l-l■,{-l)\n2^l^) for l<i<hq. 

with n2i+i > n2i > ?i2i-i > "■2i-2 for all 1 < i < hq and rii large enough. 

The existence of the discs Di for all i G A,^ in Lemma 4.4 shows that the 
operator is well defined on the Banach space B = (Bi£A^^B{Di) where B{Di) is 
the Banach space of functions which are holomorphic on the disc Di and continuous 
on its closure, together with the sup norm. 
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Theorem 4.10. The operator Cs ■ B ^ B is nuclear of order zero for Re (s) > ^ 
and it extends to a meromorphic family of nuclear operators of order zero, in the 
entire complex plane, with poles only at the points Sk = fc = 0, 1, 2 . . .. 

Proof. It is easy to verify that the operator £s can be written as a 2Kq x 2Kq 
matrix operator which for even q has the form 
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and for odd q 



Cs = 
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with >C^„ ^ and Cn,3 as defined in (26) and (27). In a similar manner as for the trans- 
fer operator of the Gaufi map (cf. [10]) one can show that the operators C^g, n = 
±1, ±2, ±3 define meromorphic famihes of nuclear operators : B{Di) B{Dj) 
on the Banach spaces of holomorphic functions on the discs Di and Dj with 
Afij = "L-yn (in the case of +) and Mi,j — Z<_„ (in the case of — ) for n = 1,2,3. 
These operators have poles only at the points s = sj, = for fc = 0,1,.... 
Additionally, the operators n = ±1,±2 with £„ s : B{Di) B{Dj) are 

holomorphic nuclear operators in the entire s-plane on the corresponding Banach 
spaces of holomorphic functions on the discs for which Mi.j = {±?t-}, n ^ 1,2. Since 
a matrix-valued operator with poles in the entries can not have more poles than 
its respective components, it follows that the operator Cg has precisely the desired 
properties in the Banach space B = ©ieA^ B{Di). □ 
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5. Reduced transfer operators and functional equations 

5.1. The symmetry operator P. From the matrix representation in the 
proof of Theorem 4.10 it can be seen that the transfer operator Cg possesses a 
certain symmetry. In this subsection we will discuss this symmetry in further detail 
and explain how it can be used to derive functional equations. For this purpose, 
define the operator P : _B — > _B by 

for / = (/0,eA.,. 

This operator is well-defined since Z?_i = —Di for all i e . It is also clear that 
= ids- That P is indeed a symmetry for the transfer operator follows from the 
following lemma. 

Lemma 5.1. The operators P : B ^ B and Ls '■ B ^ B commute for all s € 

C\{si,S2,...}. 

Proof. Let Re (s) > i and suppose that f G B. To extend d'^^ to the complex 
discs Di we use the convention (n + z)^'^ ((71 + 2:)^) ^ It is then easy to see that 

for any positive integer /. One can verify that the matrix elements of Cs satisfy 
the identities: {Cs)ij = C^s if and only if {Cs)-i,-j = C-i^s and {Cs)ij = Cfl 
if and only if {Cs)-i,^j — C^i j. Combining these two observations, the fact that 
CsPf{z) = PCsf{z) follows immediately. Since the operators P Cg and CgP are 
both mcromorphic in the entire s-plane with poles only at the points si, S2, • ■ it 
follows by meromorphic extension that the identity P Cs = Cg P holds for any s in 
the region C \ {si, S2, . . .}. □ 

The previous lemma allows us to restrict the operator Cs to the eigenspaces 
of the operator P. Since this is a linear involution it can only have eigenvalues 
±1. Denote the corresponding eigenspaces by B±. Then / = [Si)i£A^^ € B± if 
and only if f^i{—z) = ± fi{z) for i G . Let denote the Banach space 
Bk, = ©i<i<K B{Di) with the discs Di as defined earlier in Lemma 4.4. Then 
the transfer operator £<, restricted to the spaces B± induces operators £s,± on the 
Banach space B^^. Let ~f = (.gj)i<.t<K, G -B^,- For q = 2hg + 2 wc get 

{Cs,±tUz)^LZ9kAz)±L^,,s9kA^), 

(32) iCs^±th (z) = L,^s9^-l{z) + L^s9hA^) ± i^^^i,, (z), 2 < i < h,. 
For g = 3 we get 

(33) iCs,±t)i{z) = L^s9i{z)±L^2.,s9i{z)- 
For q = 2hg + 3 > 5 wc get 

('Cs,±^)l (z) =L2,s 92h, [z] + 9>^, {z) ± 92h, {z) ± L°^2,s 5k, {z), 

(34) {Ls,±t)2{z) =LZ9.Az)±L^,,s92hAz)±L^2.s9.Az), 
{J^s,±t)^ {z) ^Li,s 9t-2{z) + 5k, (z) ± g2h, (z) ± L^2,s 5«, 

3 < i < Kq. 

For i > the operators and Li^s coincide with the operators and Ci^s, 
whereas L^ ^z) = Er=« and L„,,,3(z) = ^-_l-^g(_L_) . 
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5.2. Functional equations. It is known that the transfer operator for the 
Gaufi map induces a matrix- valued transfer operator for each finite index subgroup, 
r, of the modular group (cf. e.g. [3], [4]). This transfer operator can be described 
by the representation of PSL(2,Z) induced by the trivial representation of F. It 
was shown in [4] that cigenfunctions, with eigenvalue 1, of this induced transfer 
operator, fulfil vector-valued, finite term functional equations, analogous to the so- 
called Lewis equation. This implies that such cigenfunctions are closely related to 
the period functions of Lewis and Zagier [9] for these groups. 

As we will see soon, it is possible to derive similar functional equations for the 
family of transfer operators considered in this paper. However, the relationship to 
period functions, in the case of an arbitrary Hecke triangle group, is not clear at 
this time. In the case g = 3 it was shown in [2] that the solutions of the functional 
equation derived from our transfer operator Cg for < Re (s) < 1, s ^ ^ indeed 
in a one-to-one correspondence with the Maafi cusp forms for G3. 

Since the spectrum of the operator Cs is the union of the spectra of the two op- 
erators £s,e, e = ±1, we use these operators to derive the corresponding functional 
equations. In the case of g = 3, the cigenfunctions, if ~ (51), with eigenvalue 
p = 1, satisfy the equation 

(35) .91 =.gi|(N3 + eN_2) 
where, for fc > 1, we have defined 

00 00 . s 2s / _i \ 

t — A/ / — 

Here Tz ~z + X„,Sz — — ,Jz = —z and Sz ~ JSz = -. This action is similar 
to the usual slash-action of weight s but we have extended it in a natural way 
to C[Gg], the extended group ring of Gq over C, consisting of (possibly countably 
infinite) formal sums of elements in Gq with coefficients in C. One now sees that 
ffi|N3(l-T) = gi\ST^ and 5i|N_2(l-T) = -gi\ST-'^, which leads to the following 
four term functional equation 

g,\{l-T)=g,\{ST^ ~e~ST-^). 

Explicitly, this can be written as 

(36) „ ,„ . + 1, + (-1^) (_L) - . (-1^) " „ (-1^) ^ 

Using the fact that JTJ = T^^ it is easy to verify that every solution of (35) 
satisfies the equation 51(2;) = egi{—z — 1). Therefore, only solutions gi of (36) with 
this property lead to cigenfunctions of the transfer operator. On the one hand, it 
now follows that gi has to satisfy the shifted four term functional equation which 
was studied in [2]: 

(37) .r(.) =.9.(. + l)+ (^)'\9r (^) - (^)%i (^) ■ 

On the other hand, every solution gi of (37) that additionally satisfies 51(2;) = 
tgi{—z — 1) is also a solution of (36). 

For q = 2hq + 2 and hq > 1 any eigenfunction ~^ = {gi)i<i<hq must satisfy the 
equation gi = gh^\(^2 + eN_i). By induction on i it follows that 

g^=gl\P^^l{ST),2<^<hq, 
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where g\Pi{g) for g E Gq is an abbreviation for g\Pi{g) = sIX^z^o^'- Hence the 
function gi fulfills the equation 

51 = .gi|P^_i(5r)(N2 + eN_i). 

However, 1^2(1 - T) ^ ST^ and N_i(l ^ T) ^ -S in <C[Gq], which leads to the 
g-term functional equation 

ffiKl -T)= g,\Pn„-i{ST){ST^ - e~S). 

For 5 = 4 this can be written explicitly as 

1 -1 \ fl 



For (7 = 6 one finds that 



1 \ / z + 2A6 \ / 1 " 



-A6Z+1-2A2; 1^-^62 + 1-2A2; '"l^l + Ae^y -^^l + Ae 
For q ~ 2hq + 3 and hq > 1 one finds that 

51 = ^ g2^_^^^|N3 + eg2k,\ST-' + e52/.,+i|N_2 

and 

52 = ff2h,+l 1^2 +652/1, + e52h,+l|N_2- 

Hence 

(38) 51 = 52 + 32^,15^^ - 52h,+i|S'T^- 

Using induction on i, one can show that 

g2^=g2\P^-l{ST),l<i<hq 

and 

52^+1 = gl\iSTy+g2\P^-l{ST), 1 < i < hq. 
In particular, setting i ^ hq, wc can express 52^, and 52/1, +1 in terms of 51 and 52: 

52h, = g2\Ph,-i{ST) and 52,.,+! = gi\{ST)''- + g2\PhMST). 
Inserting these expressions into (38) leads to an expression for 52 only involving 51: 

g2 = gi + gi\{STf^+'T. 
This allows us to express both 52/1, and g2hg+i in terms of 51: 
52,., = 51I (1 + (STp+'T) PhMST) 

and 

ff2/.,+i = gi\{STf^ + (51 +5il(^r)'''+ir) p,,-i(5T). 

Inserting these expressions into (38) gives the following functional equation for 51: 
51 -5i|P,,,_i(5r)5T2+5i|(5T)'''+im,_i(5r)5T2 + 5i|(5r)''-N3 
+ 5i|P/.,-i(5T)N3+5i|(5r)''''+im,_i(5T)N3 

+ e(5i|P,,,„i(5T)5T-i +5i|(5T)'''+irF„,_i(5r)5r-i +5i|(5T)"«N_2 
+ 5i|(5T)"'+iTP^_i(5T)N_2+.9i|Ph,-i(5r)N_2). 
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Since Nsil ~ T) = ST^ and N_2 = -ST-^ in C[G,], we obtain a "Lewis-type" 
equation for the Hecke triangle group Gg, with q odd, of the following form: 

5i|(l -T)= gi\{Ph^^i{ST)ST^ + {STf''+^TPh^^i{ST)ST^ + (STpST^) 

- egi\{Ph,-i{ST)S + {STp+^TPh^^i{ST)S + (STpST-^). 

For q ~ 5 this equation can be written explicitly as 

51 1(1 - T) = gi\{ST'^ + {STfTST^ + {STfT"^) 

-egi\{S+ [STfTS + STST^^). 

6. The Selberg zeta function for Hecke triangle groups 

We want to express the Selberg zeta function for the Hecke triangle groups Gq 
in terms of Frcdholm determinants of the transfer operator Cs for the map /g . Our 
construction is analogous to that for modular groups and the GauB map [3]. We 
start with a discussion of the Ruelle zeta function for the map fq. 

6.1. The Ruelle zeta function and the transfer operator for the map 

fq. We have seen that the transfer operator for the map fq : Iq ^ Iq can be written 
as 

(39) iCsf){x) = J2 {Kix)yf{Mx)), 

where Aq°^ denotes the set of regular Ag-CF of all points x E Iq and |0; n, x] 
denotes the continued fraction |0; n, ai, 02, . . .] for x = |0; oi, 02, . . .] G Iq. The 
iterates C^, k = 1,2, . . . oi this operator have the form 

{C^f){x) ^ J2 K,....n.(2^))V(^?«„...,n.(a;)), 

(ni,...,rifc)eZ'=:|0;rii,...,nfc,a:le^"'' 

where '&ni,...,nk denotes the map •&„! o • • • o i?™^. 

We have also seen that the set of fc-tuples {ni,...,nk) € Z'^ with 
|0; ni, . . . , rifc, x| S Aq'^^ only depends on the interval 1° to which x belongs. Denote 
this set by , i.e. 

j:f = {(m, . . . , rifc) e : [0; ni, . . . , rife, xl e for all x G 1°} . 

Hence, for x £ Ii, the operator £^ can be written as 

iC'j)ix)= K,....n.(2^-))V(^?«,....,«.(^))- 
(ni,...,nfc)GJ^f 

Let fj denote the restriction f\Ij and n^, = (rii, . . . , Uk) € Z'^. Then 
which on the Banach space B — S)ieA^^B{Di) reads as 

On the Banach space B, the trace of Cs is given by the well-known formula for this 
type of composition operators (cf. e.g. [11]) 

trace/:^^ E E ^ J y 
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where z*^ = |0; rti, . . . , n^] is the unique (attractive) fixed point of the hyperbohc 
map 'i?ni,...,nfc : Di — > Di. However, since these fixed points are in one-to-one 
correspondence with the periodic points of period k of the map fq, the following 
identity holds 

trace Z:^ - trace £^+1 = E E ((^"1 ° ' • ' ° 

(40) = E nu(4(-*)))"^- 

z*eFix/^ 1=0 

We are now able to relate the Ruelle zeta function to the transfer operator. 

Proposition 1. The Ruelle zeta function, C,r{s) = cxp ^^j^ iZ„(s), for the 
Hurwitz-Nakada map fq can be written in the entire complex s -plane as 

det(l - £,+1) 

"^^("^ - dct(i-/:,) 

with Cs '■ B ^ B defined in Theorem 4. 10. 

Proof. Comparing equations (40) and (23) we see that for Re (s) large enough 
we have Z„(s) — trace — trace and therefore C-r(^) = '^dot(r-£^) • ^i^i'^^ 
the operators Cs are meromorphic and nuclear in the entire s-plane, both Fredholm 
determinants also have meromorphic continuations. This proves the proposition. 

□ 

6.2. The transfer operator ICg. As we have seen, there is a one-to-one cor- 
respondence between the closed orbits of the map fg and the closed orbits of the 
geodesic fiow, except for the contributions corresponding to the two points and 
—rq. These points are not equivalent under the map fq but they are under the group 
Gq, which means that they correspond to the same closed orbit of the geodesic flow. 
We also saw that the Ruelle zeta function for the map fq contains contributions 
of both orbits while the Selberg zeta function (24) does not. Thus, to relate the 
Ruelle and the Selberg zeta functions we have to subtract the contribution of one 
of these two orbits. To be specific, we subtract the contribution of the orbit 0+, 
given by the point rq, from all the partition functions Zi^^ (s), / = 1, 2, . . .. Consider 

therefore the corresponding Ruelle zeta function, Cr^ (s) = exp ^X^^^ ^Zn*{s)j, 
with 



(41) Zi^is) 



if Kg I n, 

Exeo+ cxp [sEIZq ln/g(/q (a;))) if | n. 



If n = iKq wc find that Z^^^ (s) = Kq cxp(-s/ro_|_ ) and hence (s) = i-cxp(^aro^) 

where ro^ ~ ln{fq''y (rq). Wc now define a transfer operator, cf^ : S^, ^ B^,^, 
with B^^ = ®iliB{Di) as in Section 5.1, corresponding to 0+. For q ~ 2hq + 2, 
on the one hand, we set 

(Cf^tUz) = Cl,sg^+l{z), l<i<hq-l, 
(42) (/:f+^),,(z) = /:2,,5i(z). 
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For q ~ 2hq + 3, on the other hand, we set 



(43) 



(Cf+tUz) =£l,.ff.+l(2), 1<Z</1„ 

{^?^~{^)h,+i{z) ^Ci,sgh,+i+i{z), 2<i<hq, 

(£f+^)2,, + l(z) =C2,s9l{z). 



In the first case, the operator Cs ^ has the form 



/ 







\C2.s 

while in the second case 

/ Ci^s 
























Cl.s 
















^1. 





\C2,. 












\ 







Cl.s 

/ 



To show that these operators indeed correspond to the contribution of the orbit 0+ 
we need to compute the traces of their iterates. This is achieved by the following 

Lemma 6.1. The trace of the operator {Cs is given by 



trace (£ 



0+\n 



Kg trace [c'l"., ^/^2,s)' 



for q = 2hq + 2 (nq = hq) and by 



trace {C 



0+\n 





Kq trace [c\\C2,sC!l\ ^£2,, 



for Hq \ n, 
for n — Ihiq, 



for Kq \ n, 
for n ~ iKq, 



for q = 2hq + 3 (Kg = 2hq + 1). 



Proof. Since the proof for odd q is completely analogous to that for even q, 
we restrict ourselves to the case oi q = 2hg + 2. Using induction on i it can be 
shown that for 1 < j < hq and = {g)i<j<h^ one has 



iicf-rt), = c'^^-' C2,s e'er'-'' ^ 



l<j<hq 
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This also shows that 

and therefore 

trace )" = if /i, t ^, 

trace (£f +)" = ^ trace [C^''^^ i^2,s)^ if n ^ Ihq ^ I Kg. 
This proves the Lemma. □ 

Since trace (C^^ ^ '^■i.sY ~ trace {C2.S ^I'^iT^Y 
(recall that iJj^h-i 2 = i^i o . . . o o 'iJ2) we see that 

where z* is the attractive fixed point of o . . . o o 792, i-e. z* = Vq. Thus 
trace (£2,8 ^J.'s"^)' - trace (£2,5+1 £^,s+i)' = ^^('?i''-i,2)' (2"^) 

{§,.-^^2){z*) 



dz 

Lemma 6.2. The partition function Zn * in (4I) can be expressed in terms of the 
transfer operators Cs * in (42) and (43) as 

Z^+{s) = traceiCf+r ~ traee{C%T. 

Proof. Without loss of generality, we once again restrict ourselves to the 
case of g = 2hq + 2. Since {fq'')'{z*) = {{di o ...o§^o §2)'{z*))~^ and zf+ = 

«,exp(-s/roJ, wherero^ = Efc=o' 1^ /^(^X^^^)) = ^^Ylllo /^(/^(^*)) = Hf^'Yiz*), 
we find that 

= Hq (trace (£2,,, £1'^ - trace (£2,5+1 £^,s+\)' 



trace (£f +)" — trace (£^^1^^)" 



□ 



It follows that the Ruellc zeta function for can be expressed as 

,04 



o,, , det (1 - £r/i) 
^'^"det(l-£f-)- 



We can furthermore show 



Lemma 6.3. T/ie Fredholm determinant det{\ — Cs ^) coincides with the Fredholm 
determinant det(l — C'l''^ ^£2,5) for even q and with det(l — £5*3 £2,5 £1^ ^£2,5) 
for odd q > 5. Note that rq is given in these two cases by |0; l'*'"^, 2] and 
|0;l'''J,2,l'''3-i,2], respectively. 

Proof. This lemma follows immediately from Lemma 6.1 and the formula 
— lndet(l — L) = X]^i ^traceL", which holds for any trace class operator L. □ 
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Remark 3. The spectra of the two operators and c\''g ^ C2.S can be related 
in a simple fashion as follows: definition (42) of the operator Cs ^ implies that 
any eigenfunetion = (3i)i<i</i, with eigenvalue p Cs^ fulfills the equation 
p^i~^gi = ^ghg and hence also p^'^gi = C'l''^ ^ £2.391- Therefore, on the one 
hand, any eigenvalue p of the operator determines an eigenvalue p''' of the 
operator /I^'j, ^£2.8- On the other hand, given an eigenfunetion g of /I^'^, ^£2.8 
with eigenvalue p ~ \p\ exp(iQ;), let G Sk, be defined by g^^ — g and g\^'' = 
p^ (''9+^ ''^ C\''g * £2,3 9 for 2 < i < hq. Then is an eigenfunetion of the operator 

with eigenvalue pj, where pi, . . . , ph^ are the hq-th roots of p. This shows that 
the numbers 

Pj ^ "^/\~p\cxp (^^^^ cxp ^27ri^^ , < j < hq - I 

are eigenvalues of this operator. This argument provides an alternative proof of the 
fact that det (1 — £?"'') = det (1 — C'l"'^ £2,3), i-e., a proof of Lemma 6.3 in the 
case of even q. The corresponding "direct proof" for the case of odd q is analogous. 

From the previous lemma it is clear that the contribution of the periodic orbit 
of the geodesic flow corresponding to 0+, which appears twice in the Fredholm 
determinant of Cs, is given by det (1 — Ci\ ^ £2.5) and det(l — £j^', £2,^ C^''^ ^ £2,^) 
for even and odd q > 5, respectively. We thus arrive at the following theorem. 

Theorem 6.4. The Selberg zeta function Zs{s) for the Hecke triangle group Gq 
can he written as 

Zs{s) = ^^^(1--^^) ^ fi?et[(l-£,,+)(l -£,,_)] 
det{l—ICs) rfef(l — /Cs) ' 

where Cg, C,s^± and JCs ~ £?^ are the transfer operators given by Theorem 4-.10, 
(32)-(34) and (42)-(43), respectively. 

Proposition 2. The spectrum of ICg is given by 



' Ko — 1 



where Kq denotes the period of the point rq 

Proof. The spectrum a{L) of a composition operator of the general form 
Lf{z) = (p{z)f (ip{z)) on a Banach space B{D) of holomorphic functions on a 
domain D with %l)(p) d D is given by a{L) = {i^(z*)'0'(z*)", n = 0, 1,...} (cf. 
e.g. [11]) where z* is the unique fixed point of ■0 in D. For q = 2hq + 2 the 
operator Ks has this form with il>{z) = 'd2°'di'' ^{z) and (p{z) = (-0'(z))'*. Therefore 
z* = |0; 2, 1^-11 and (i?20<'"')'(2*) = i92«'"'(z*)) U'l=i^ 
Since -ff'^i^^-^z)) = z^ for any m e N, i9^~\z*) = 'd2\z*) and (i?i)'''-i-'(z*) = 
(i?i)^^i?J'' '(z*) it follows immediately that 

(^2 o <-^)'(z*) = {zr u = n' (4(^'^))' = n' (4(-^))'- 

1=1 1=0 1=0 

□ 



Remark 4. Using the explicit form of the maps which fix rq, cf. e.g. [13, Rem. 27] 
(where the upper right entry of the matrix for even q should read A — A'^) one can 
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prove that the spectrum of the operator ICg can also be written as 



where 




R\q 



for even q , 
for odd q. 



The Selberg zeta function Zs{s) for Hccke triangle groups Gq and small q has 
been calculated numerically using the transfer operator Cs in [21]. Besides the case 
(7 = 3, that is, the modular group G3 — PSL(2, Z) [2], we do not yet know how 
the cigenfunctions of the transfer operator Cs with eigenvalue p = 1 are related to 
the automorphic functions for a general Hecke group Gq. But since the divisor of 
Zs{s) is closely related to the automorphic forms on Gq (see for instance [6, p. 498]) 
one would expect that there exist explicit relationships also for g > 3, similar to 
those obtained for the modular group, i.e. between cigenfunctions of the transfer 
operator Cs with eigenvalue one and automorphic forms related to the divisors of 
Zs at these s- values. 

Another interesting problem one could study is the behaviour of the transfer 
operator Cs in the limit when q tends to (X). In this limit the Hecke triangle group 
Gq tends to the theta group Fg, generated hy Sz = ^ and Tz = z + 2. This 
group is conjugate to the Hecke congruence subgroup ro(2), for which a transfer 
operator has been constructed in [7] and [5]. One should understand how these 
two different transfer operators are related to each other. The limit g —J- 00 is 
quite singular, since the group Te has two cusps whereas all the Hecke triangle 
groups have only one cusp. Therefore one expects in this limit the appearance of 
the singular behavior which Selberg predicted already in [20]. Understanding the 
limit g — > 00 could also shed new light on the Phillips-Sarnak conjecture [15] on 
the existence of Maafi wave forms for general non- arithmetic Fuchsian groups. 
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